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Abstract
The present study investigates the effect of joule heating and velocity slip on MHD peristaltic flow in a porous medium with
chemical reaction. The relevant equations on the fluid flow have been developed. Analytic solution is carried out under long-
wavelength and low-Reynolds number approximations. Exact solution is evaluated for the stream function, which is used to find
the velocity of the fluid flow, temperature, concentration. Numerical computations have been performed for the influence of various
emerging parameters on the flow characteristics velocity, temperature, concentration are shown and discussed with the help of
graphs. Also, the expressions for skin friction coefficient, Nusselt number and Sherwood number at the channel wall are obtained
and analyzed. It is found that a generative chemical reaction is greater than the destructive chemical reaction on the concentration.
The size of the trapping bolus increases with increasing velocity slip parameterβ.
Crown Copyright c⃝ 2016 Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
It is well established fact that peristaltic process is a mechanism for mixing and transporting fluids, which is
caused by a progressive wave of contraction and expansion travelling on the walls of the channel/tube. Such process is
encountered in the transport of urine from kidney to bladder, swallowing of food through esophagus, lymph transport
in the lymphatic vessels and in vasomotion of small blood vessels such as arterioles, venules and capillaries etc. Roller
and finger pumps also work under the peristaltic mechanism. The seminal research on the peristaltic motion has been
presented by Latham [1] and Jaffrin and Shapiro [2]. Since then the various experimental and theoretical studies
have been presented in the viscous and non-Newtonian fluids [3–10]. Makinde [11] investigated the laminar flow in
a channel of varying width with permeable boundaries. Asymptotic approximations for oscillatory flow in a tube of
varying cross-section with permeable isothermal wall was analyzed by Makinde [12]. In view of the importance of
oxygenation and dialysis, the peristaltic flows with heat transfer have been also investigated [13–15]. Very recently,
Effects of stenosis on non-Newtonian flow of blood in blood vessels has been reported by Prakash et al. [16].
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In several applications the flow pattern corresponds to a slip flow, the fluid presents a loss of adhesion at the wetted
wall making the fluid slide along the wall. When the molecular mean free path length of the fluid is comparable to
the distance between the plates as in nanochannels or microchannels, the fluid exhibits non-continuum effects such
as slip-flow as demonstrated experimentally by Derek et al. [17]. Investigations of the effects of slip on the peristaltic
motion have been recently reported in [18–21].
The study of magnetohydrodynamic (MHD) peristaltic flow of a fluid is of special interest in certain problems of
conductive physiological fluids as the influence of magnetic field may be utilized as a blood pump in carrying out
cardiac operations for the flow of blood in arteries with arterial disease like arterial stenosis or arteriosclerosis. The
usage of the Giant Magneto Resistive (GMR) technology which is a device that applies a magnetic field with a very
sensitive sensor, accurately detect the small movements of an object within a magnetic field. This technology has the
potential to facilitate the study of peristaltic activity in some tubular structures such as a bowel, fallopian tube and
perhaps even in the vas deferens. Hydromagnetic effects on internal flow separation in a diverging channel have been
reported by Makinde and Mhone [22]. The influence of magnetic field on Peristaltic transport of Jeffrey fluid in a
porous medium with compliant walls was studied by Hayat et al. [23]. Prakash and Makinde [24] have presented the
radiative heat transfer to blood flow through a stenotic artery in the presence of erythrocytes and magnetic field. Hayat
et al. [25] have analyzed the peristaltic transport of a Jeffrey fluid under effects of an endoscope and applied magnetic
field. Mekheimer [26] has examined the peristaltic transport of a couple stress fluid under influence of an induced
magnetic field. Kothandapani and Srinivas [27] presented the effect of wall properties on MHD peristaltic transport
through a porous medium. Gad [28] describes the peristaltic transport under the effect of Hall currents in a channel
having compliant boundaries. MHD Peristaltic Flow of a Nanofluid with Newtonian Heating was studied by Noreen
Sher Akbar [29]. Sarkar et al. [30] have presented the impact of Magnetohydrodynamic peristaltic flow on nanofluids
in a convectively heated vertical asymmetric channel in the presence of thermal radiation. Very recently, the influence
of Joule heating on MHD peristaltic flow of a nanofluid with compliant walls was investigated by Gnaneswara Reddy
and Venugopal Reddy [31].
Consideration of wall properties such as wall stiffness, wall rigidity, mass per unit area of the channel walls,
wall tension etc. is very important in peristalsis. In particular the increased intensity of such effects can significantly
influence the blood pressure in human body. Peristaltic motion in a channel with complaint walls has been discussed
previously. The peristaltic flow of Johnson–Segalman fluid in a channel with complaint walls was investigated by
Hayat et al. [32]. The influence of heat and mass transfer on MHD peristaltic flow through a porous space with
compliant walls investigated by Srinivas and Kothandapani [33].
Moreover, it is well known that heat and mass transfer problem in the presence of chemical reaction is very
significant in the processes of geothermal reservoirs, drying, enhanced oil recovery, flow in a desert cooler, cooling of
nuclear reactors thermal insulation and evaporation at the surface of a water body. These types of flows involve many
practical operations such as molecular diffusion of species in presence of chemical reaction within or at boundary.
Heat and mass transfer effects are also encountered in chemical industry like in the study of hot salty springs in sea, in
thermal recovery processes and in reservoirs. The results obtained for title problem reveal many interesting behaviors
that warrant further study on heat and mass transfer problems with chemical reaction.
However, no attempt has been made to investigate joule heating and velocity slip effects on the MHD peristaltic
transport of non-Newtonian fluid in a porous space with chemical reaction. Such an analysis is of great interest in
medical research. The momentum, temperature equations and concentration equations have been linearized under
long-wavelength and low-Reynolds number assumptions and analytical solutions for the flow variables have been
derived. The contribution of several interesting parameters embedded in the flow system is examined by graphical
representations. The present work may be beneficial in understanding the dynamics of blood flow in blood vessels
by taking into account the chemical reaction and important wall elastic properties. The current model can be
described through the impacts of magnetic field, velocity slip and chemical reaction in the walls of the blood
vessels.
2. Mathematical formulation
The flow of a Newtonian viscous fluid through a two-dimensional channel of uniform thickness is considered. The
motion in a channel are induced by imposing moderate amplitude sinusoidal waves on the compliant walls of the
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Fig. 1. Geometry of the problem.
channel (see flow geometry in Fig. 1) and thus the walls are defined by
y = ±η (x, t) = ±

d + a sin 2π
λ
(x − ct)

(1)
where d is the mean half width of the channel, a is the amplitude, λ is the wavelength, t is the time and c is the phase
speed of the wave respectively.
Now, the equations of governing motion for the present problem are as follows:
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where u, v are the components of velocity along x-and y-directions, p is the pressure, µ is the coefficient of viscosity
of the fluid, g is the gravitational acceleration, β is the coefficient of thermal expansion, β∗ is the coefficient of
concentration expansion, σ is the electrical conductivity of the fluid, k is the permeability parameter, B0 is the applied
magnetic field, α is the thermal diffusivity, ν is the kinematic viscosity, ρ is the density of the fluid, ζ is the specific
heat at constant pressure, k1 is the chemical reaction of rate constant, T is the temperature, C is the concentration and
D is the coefficient of mass diffusivity, KT is the thermal-diffusion ratio, Tm is the mean temperature.
The governing equation of motion of the flexible wall is expressed as
L∗ (η) = p − p0 (7)
230 G.R. Machireddy, V.R. Kattamreddy / Journal of the Nigerian Mathematical Society 35 (2016) 227–244
where L∗ is an operator, which is used to represent the motion of stretching membrane with viscosity damping forces
such that
L∗ = −τ ∂
2
∂x2
+ m ∂
2
∂t2
+ C ′ ∂
∂t
+ B ∂
4
∂x4
+ H. (8)
Here τ is the elastic tension in the membrane, m is the mass per unit area, C ′ is the coefficient of viscous damping
forces, B is the flexural rigidity of the plate, H is the spring stiffness and p0 is the pressure on the outside surface of
the wall due to the tension in the muscles and assume that p0 = 0.
The boundary conditions for the velocity slip, temperature and concentration at the wall interface are given by
u = ∓h ∂u
∂y
, T = T0 and C = C0 at y = ±η = ±

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λ
(x − t)

(9)
and the boundary conditions due to wall flexibility are
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Introducing the stream function ψ (x, y, t) such that
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and defining the following non-dimensional quantities
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Now using Eq. (11) and the above non-dimensional quantities in Eqs. (2)–(6) along with the boundary conditions (9)
and (10) (dropping primes), we have
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with the corresponding boundary conditions
∂ψ
∂y
= ∓β ∂
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∂y2
, θ = 0 and φ = 0 at y = ±η = ± [1+ ε sin 2π (x − t)] (17)
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where R, δ, M , K ,Pr, Ec, Sc, γ , β and E1, E2, E3, E4 and E5 are the Reynolds number, wave number, Hartmann
number, Permeability parameter, Prandtl number, Eckert number, Schmidt number, chemical reaction parameter,
Velocity slip parameter and wall compliant parameters.
Under the assumptions of long wavelength approximation and neglecting the wave number (δ ≪ 1) and low
Reynolds number in Eqs. (13)–(16) along with the boundary conditions (17) and (18), we get
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Here N 2 = M2 + 1K , N 21 = Scγ and Br (=PrEc) is the Brinkman number.
And the corresponding boundary conditions are
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3. Exact analytical solution
The set of Eqs. (19)–(22) subject to the boundary conditions (23) and (24) are solved exactly for stream function
ψ , temperature θ and concentration φ and are given by
ψ = L
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
(25)
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,
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Fig. 2a. Variations of velocity u for various values of M .
l5 = −4N
2l1ScSr
4N 2 − N 21
, l6 = 2ScSrl2
N 21
, l7 = −N
2ScSrl3
N 2 − N 21
,
l8 = − (l5 cosh 2Nη + l6 + l7 cosh Nη)cosh N1η .
The shear stress, heat transfer rate and mass transfer rate at the wall are defined in terms of skin friction coefficient
(C f ), Nusselt number (Nu) and Sherwood number (Sh) as follows:
C f = ηxψ ′′ (η)
= (2επ cos 2π (x − t))

LN sinh Nη
cosh Nη + Nβ sinh Nη

(28)
Nu = ηxθ ′ (η)
= (2επ cos 2π (x − t)) (2Nl1 sinh 2Nη + 2l2η + Nl3 sinh Nη) (29)
Sh = ηxφ′ (η)
= (2επ cos 2π (x − t)) (2Nl5 sinh 2Nη + Nl7 sinh Nη + N1l8 sinh N1η) . (30)
4. Results and discussion
The purpose of this section is to study the influences of various parameters on the velocity, temperature,
concentration, skin friction coefficient, Nusselt number, Sherwood number and streamlines for different values of
embedded parameters have been provided (see Figs. 2–11). In the present study following default parameter values
are adopted for computations: x = 0.2, t = 0.1, ε = 0.02, M = 1.0, K = 0.5, β = 0.1, Br = 0.2, Sc = 1.0, γ = 0.2,
E1 = 1.0, E2 = 0.5, E3 = 0.5, E4 = 0.2 and E5 = 0.1. All graphs therefore correspond to these values unless
specifically indicated on the appropriate graph.
The influence of M , K , β and wall compliant parameters on the velocity distribution are shown graphically in Fig.
2. From Fig. 2a, it reveals that increasing M , leads to fall in the velocity. Because the effect of increasing magnetic
field strength dampens the velocity. The effect of permeability parameter K on the velocity is displayed in Fig. 2b. It
is clear that the K increases, the velocity leads to enhance. An increasing K means reduce the drag force and hence
cause the flow velocity to increase. Fig. 2c depicts to study the effects of β on the velocity field. From Fig. 2c, it can
be seen that the velocity of the fluid increases with an increase in β. The influence of wall compliant parameters on the
velocity field is shown in Fig. 2d. It is clear that the velocity decreases with increasing E1 and E2 whereas it increases
with increasing E3, E4 and E5. This due fact that the elasticity of the walls there is less resistance to the flow and so
that the velocity field increases.
Fig. 3 depicts the temperature profiles for various values of M , K , β, Br and wall compliant parameters. Figs. 3a
and 3b show the effects of M and K respectively on the temperature distribution. It is observed that the temperature
decreases with increasing the Hartmann number M while the opposite behavior for the permeability parameter K . The
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Fig. 2b. Variations of velocity u for various values of K .
Fig. 2c. Variations of velocity u for various values of β.
Fig. 2d. Variations of the velocity u for various values of E1, E2, E3, E4 and E5.
effect of velocity slip parameter on the temperature distribution is plotted in Fig. 3c. It reveals that the temperature
profiles are almost curviness and the increase of slip parameter β1 the temperature field decreases. Fig. 3d depicts the
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Fig. 3a. Variations of temperature distribution θ for different values of M .
Fig. 3b. Variations of temperature distribution θ for different values of K .
Fig. 3c. Variations of temperature distribution θ for different values of β.
influence of Br on the temperature. It can be found that an increase in Br results in the increase in the temperature
field. Fig. 3e is presented to study the effects of E1, E2, E3, E4 and E5 on the concentration distribution. Fig. 3e
reveals that the temperature increases with increasing E3, E4 and E5 and it decreases with increasing E1 and E2.
G.R. Machireddy, V.R. Kattamreddy / Journal of the Nigerian Mathematical Society 35 (2016) 227–244 235
Fig. 3d. Variations of temperature distribution θ for different values of Br.
Fig. 3e. Variations of temperature distribution θ for different values of E1, E2, E3, E4 and E5.
Fig. 4a. Variations of concentration distribution φ for different values of M .
Fig. 4 is plotted to the study the involved parameters on the concentration field. From Fig. 4a, it is clear that the
concentration distribution increases with increasing the Hartmann number M . The influence of permeability parameter
K on the concentration distribution is represented in Fig. 4b. From Figs. 4a and 4b, we can notice that an increase in
Hartmann number affects the concentration profile in an opposite way to that of permeability parameter. The effect
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Fig. 4b. Variations of concentration distribution φ for different values of K .
Fig. 4c. Variations of concentration distribution φ for different values of Br.
Fig. 4d. Variations of concentration distribution φ for different values of Sc.
of the Brinkman number Br on the concentration field is illustrated in Fig. 4c. It can be noticed that the concentration
distribution decreases with increasing Br. The concentration distribution for different values of Schmidt number Sc
is plotted in Fig. 4d. The Schmidt number Sc embodies the ratio of the momentum diffusivity to the mass (species)
diffusivity. It is evident that the concentration field decrease with an increase in Sc. In Fig. 4e the concentration
distribution is shown to study the effect of chemical reaction parameter γ . It is observed that the presence of generative
chemical reaction is greater than the destructive chemical reaction on the concentration. Fig. 4f deals the variations of
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Fig. 4e. Variations of concentration distribution φ for different values of γ .
Fig. 4f. Variations of concentration distribution φ for different values of E1, E2, E3, E4 and E5.
Fig. 5a. Variations of skin friction coefficient C f for different values of M .
wall compliant parameters on the concentration field. It is observed that increase in E1 and E2 and decrease of E3,
E4 and E5 result in the increase of the concentration.
The impact of Hartmann number and velocity slip parameter on the skin friction coefficient C f is elucidated in
Fig. 5. It can found that from Figs. 5a and 5b that the absolute value of skin friction coefficient is enhances with an
increasing in the Hartmann number M and velocity slip parameter β. The variations of Nusselt number Nu at the wall
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Fig. 5b. Variations of skin friction coefficient C f for different values of β.
Fig. 6a. Variations of Nusselt number Nu for different values of M .
Fig. 6b. Variations of Nusselt number Nu for different values of K .
for different values of the physical parameters of interest are presented in Fig. 6. From Figs. 6a and 6d observed that
the absolute value of Nusselt number decreases with increasing M and β while from Fig. 6b, it increases when K is
increased. The magnitude of Nusselt number decreases with increasing wall compliant parameter which is observed in
Fig. 6c. Fig. 7 is displayed for the influence Hartmann number and velocity slip parameter on the Sherwood number
Sh. It is observed that from Figs. 7a and 7b that the Sherwood number is in oscillatory behaviour, which may be
because of peristalsis [1].
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Fig. 6c. Variations of Nusselt number Nu for different values of E1, E2, E3, E4 and E5.
Fig. 6d. Variations of Nusselt number Nu for different values of β.
Fig. 7a. Variations of Sherwood number Sh for different values of M .
An interesting phenomenon of peristalsis is trapping in which stream lines split to trap a bolus in the wave frame.
The effect of Hartmann number M on trapping is analyzed through Fig. 8. It reveals that the volume of the trapped
bolus decreases with increase of M . The effect of permeability parameter K on trapping is shown in Fig. 9 It is noticed
that the streamlines closed loops creating a cellular flow pattern in the channel and the trapped bolus increases in size
as K increases. The influence of velocity slip parameter on the trapping is presented in Fig. 10. It is observed that the
size of the trapping bolus increases with increasing β. The influences of wall compliant parameters on trapping are
240 G.R. Machireddy, V.R. Kattamreddy / Journal of the Nigerian Mathematical Society 35 (2016) 227–244
Fig. 7b. Variations of Sherwood number Sh for different values of β.
Fig. 8. Streamlines for (a) M = 0.0 (b) M = 2.0 and (c) M = 4.0.
presented through Fig. 11. It can be concluded that the size of trapped bolus increases by increasing E1, E2, E3 and
E4 while it decreases with increasing E5.
The numerical results are prepared in the Table 1 for different values of Hartmann number M by using
computational software Mathematica. A comparison in limiting case of obtained results with the ones from the
open literature for some particular values of the governing parameters. It is found from Table 1 that the heat
transfer coefficient increases with the increase in Hartmann number M in the absence of slip parameter β. The said
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Fig. 9. Streamlines for (a) K = 0.1 (b) K = 2.0 and (c) K = ∞.
Table 1
Variation of Z with Br for different values of Hartmann number M when β = 0.
Br M = 0.0 M = 0.5 M = 1.0 M = 2.0
0.2 −1.6845 −1.5308 −1.3224 −0.8467
0.5 −4.2112 −3.8269 −3.3059 −2.1167
1.0 −8.4224 −7.6538 −6.6118 −4.2333
2.0 −16.8447 −15.3075 −13.2236 −8.4666
observations are not only in accordance with the physical expectations of pertinent parameters but also have good
agreement with the existing literature [33].
5. Conclusions
The present study addressed the joule heating and velocity slip effects on MHD peristaltic flow in a
porous medium with chemical reaction. The analytical solutions have been developed for stream function,
temperature, concentration and heat transfer coefficient. The features of the flow characteristics are analyzed
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Fig. 10. Streamlines for (a) β = 0.0 (b) β = 0.1 and (c) β = 0.2.
by plotting graphs and discussed in detail. The main observations of this work are summarized as
follows:
1. The velocity and temperature field increase with an increase in the velocity slip parameter and permeability
parameter while it decreases with an increase in the Hartmann number.
2. An increase in the Brinkman number Br results increase in the temperature distribution.
3. The Behaviors of Schmidt number and chemical reaction parameter are similar.
4. The concentration field decreases with an increase in the Schmidt number Sc or chemical reaction parameter
γ . Also, the presence of generative chemical reaction is greater than the destructive chemical reaction on the
concentration.
5. The coefficient of heat transfer is oscillatory in nature.
6. The size of trapped bolus increase with an increase in velocity slip parameter β and Hartmann number M .
7. When β = 0, the observations noted here are in good agreement with Srinivas and Kothandapani [33].
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Fig. 11. Streamlines for (a) E1 = 1.0 (b) E1 = 2.0 and (c) E2 = 1.0, (d) E3 = 1.0 (e) E4 = 0.1 and (f) E5 = 1.0.
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